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1. Let R be the region between the graphs of y =
simple.

Solution

R is a vertically simple region between the graphs of y = 0 and y = 1 — 2x for —

i) R isahorizontally simple region between the graphs of x = —2 and x = >
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1 — 2x, the x-axis and the line x = —2. Show that R is

<x<

N | =

1-y

for0<y<5.

i) From i) and ii), we conclude that R is simple.

2. Let R be the plane region between the graphs of the equations x = y? and y = x — 2. Show that R is

simple.

Solution

2

y=X—2
A

—=SX=Yy+2
____________ x=y?
=y=x

i) R is ahorizontally simple region between the graphs of x = y? andx =y + 2 for—1 < y < 2.

ii) R is a vertically simple region between the graphs of y = —/x and y = +v/x for 0 < x <1 and

betweeny =x —2andy = +V/x for 1<x < 4.

iii) From i) and ii), we conclude that R is simple.

3. Evaluate each of the following iterated double integrals.

a) I1IX+1xydydx

[ yayac=]. {x—

j (2x +1)d

Solution

:J‘l (xz +1x]dx
0 2

" dx =j:§[(x+1)

2__X2]dx}

x> X2\
_+_
X
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o) []. 9+2X2 dx dy

. 33 2 RN T QTE 32 4(3 4(0
Solution L IO Y dxdy = .[1 Z{Etan (g)‘o}dy_ L g{tan (éj—tan [Eﬂdy

_ % LS [tan‘l(l)—tan‘l(o)]dy - % _[13 (%—O)dy = % Lg dy = %

4. Evaluate IJ. x(x—1)e™ dA if R the triangular region bounded by the lines x = 0,y = 0 and x + y = 2.
R

Solution  f(x,y) = x(x —1)e*
R is a vertically simple region between the graphsgf y=0andy=2—xfor0<x<2.

A

Thus, J.J'x(x—l)eXy dA = J.:J.OHX(X—l)eXy dydx = f: {(x—l)eXy

X }dx
0

N R R N S ST Ry

5.By reversing the order of integration, evaluate .[:.[% cos (x3)dx dy.

Solution:Note that it is impossible to evaluate the integral as it is. The plane region R is given as a

horizontally simple region between the graphs of x = \/§ and x = 2for 0 <y <4.
x x = /Y

a > y = x?

As a vertically simple region, R is a region between the graphs of y = 0 and y = x% for 0 < x < 2.
dx
0
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Thus , J':'f;cos (x3) dx dy= IOZIOXZ cos (x3)dy dx = J‘:{ cos (x3)(y)

2 sin8

:jozxzcos(x3)dx :sin(x3) =

3
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6. Find the volume of the solid region bounded by the paraboloid z = x2+y? and the plane z = 4.

Solution The intersection ofzthe paraboloid and the plane is the circle x2+y? = 4 and this determines the

region R. i Y

z = f(x,y) = x>+y? and R is a vertically simple region between the graphs of y = —v4 — x2 and
y=+V4—x? for -2<x<2.

+4x

Volume V = ﬂf(x y) dA —I I\/ﬁ (x* +y?*)dydx —j J.\h (x* +y?)dydx

:j_zz_(xzwy?j JT] dx
J°|(efameh daoweNa |- (el i Sa e Vi) o
“2f (el s e Nam o 2] (402 i | ax

Let x = 2sin @ (trigonometric substitution) = dx = 2cos8 df
Alsox = =2 =>6=—Eand x:z:gzg

=ZI% [ +— (4sm 9)}20059 2cos@ do _SI/( COS 0+85|n 6 cos? dee
N 3
32 7 : 32 17
:?J:% (cos2 6 + 2sin’ @ cos? 0)d49 :?I*’; (cos2 6+ 2(1—cos? 6) (cos? 9))d0
32 7% 2 4
=— 3cos” #—2 cos” @)do
3 j%( )

. i
_323 0+Sm20 -2 lcossesin0+§cosasin0+§6' =8r
3|2 2 4 8 8 ).,

7. Find the area of the plane region bounded by the graphsof y = 3 —x2andy = 2|x|.

Solution

R = R,UR,
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> <

R; is a vertically simple region between the graphs of

y = —2xandy = 3—x%for —1<x<0.

1N\
R, is also a vertically simple region between the |

|

|

|

graphsof y = 2xandy = 3 —x?for 0<x < 1.

|
|
|
|
|
|
-1 o 1

R, is also a vertically simple region between the graphsof y = 2xandy = 3 —x2for 0<x <1.

Area Aof Ris A= HldA = J] 1dA + J]ldA = Iif;z dy dx + LOJ.;XZ dy dx
R R, R,

(o 3-x* q 1

_I—ly_zx X+.[o y

—I — X +2x+3dx+J. (—x? —2x+3)dx—§ 5:E
3 3 3

e [lo-r)-caols | fo-senls

. 3 pVo-x? 1 . . . . .
8.Change the integral J' 3.'.0 ﬁdy dx to an iterated integral in polar coordinates and evaluate it
- X“+y

Solution:R is a vertically simple region between the graphsof y =0andy = v9 — x2 for -3 < x < 3.

=V9—x2,y>0=> y?=9—x2

= y24+x2=9= r2=9= r=3

In polar coordinates, R is a region between the polar graphsof r = 0andr =3 for0 <6 < m.

Thus, jj“mdydx=jo”j:%-rdrde :jo”j;drde ~ 37

9. Let R be the region bounded by the circlesr = 1andr =2 for0 < 6 < 2m.
Evaluate ﬂ (x2 - y)dA.

Solution H y)dA = Ij[rcose (rsine)]rdrde

= J'OZEJ‘: (r? cos? @ —rsin@)rdrde
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2
}de
1

= I:ﬁLz (r3 cos? @ — r?sin 49) drdo = J‘:”K(cos2 0)% — (sin 9)%)

V4 a 1 2 -
=J'2 [ECOSZQ —ZsineJ do :Iz E LS@ _Zsmg do
4 3 014 3

0 2
. i 2z 2z 1
=I2 E(1+c0326?) _Lsing|do = B[94 5N20 + Leoso _ by
°© | 8 3 8 2 o 3 0 4

10. Find the volume of the solid region bounded by the paraboloid z = x?+ y? and the plane z = 4

Solution :Note that we have solved this problem by using rectangular coordinates and we have seen how
tedious the calculation is.
2
déo
0

R is a region between the polar graphsof r = 0andr = 2 for0 <6 < 2m.

vV :ﬂ f(x, y)dAzﬂ (xz +y2)dA _ .[Ozz.[:rZ.rdrdH — Iozﬁjoz r*drdo = Iozz[%m
R R

2z 27
=["4do =40 =8z
0

11. Find the area of the shaded region shown below.

A

Solution 1
- : :r-=§(9+7z')

3

Area AorRis A= J.J‘l dA = J‘Oﬂjg(m)rdr do= %
R

12. Find the surface area of the portion of the sphere x?+ y?+ z2 = 16 that lies inside the cylinder x? —

A

4x+y% = 0.

Solution s =
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The surface X is the sum of the surface £; and X, which are of equal surface areas. X; is the graph of the

function f(x,y) = z = /16 — x2 — y2 on R where R is the cylinder x? — 4x+ y? = 0.
In polar coordinates, R is a region between the polar graphs of r = 0 and r = 4 cos 6

Y
for 7/, <6 <7/, i

Thus, the surface area S of X is given by S = 2 ﬂ\/[fx(x y)zj+[fy(x, y) +1J dA
R

_y
16 — x2 — y2

flx,y) = J%Z-yz and f (x,y) =

S = 2]{\/[m}2 +[ﬁ’z’yz]z +1 dA

_ X’ Y’ _ 4
= 2[!\/16_)(2_)/2 e dA = 2]! oy dA

-8 jZZI:mSH ! rdrdo =8 J'ZZ {(—Vlﬁ—r2 )

16 —r?

4cos6
} a0

0

0

ZSIZ{(\/H)

} a0 =8 | [(Vi6-07 15— (acos0 || a6

4cosé

=8 j’é(4— 4./1—cos’ 9) do

= 32 jé(l—|sin9|l)d0 , since sin? @+cos?@=1 = 32 U_O%(H sine)d¢9+J'o%(1— sine)de}

7

0

+(6 +cos 6)

} =32 (7-2)
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13. Let R be the plane region between the graphs of y = —x? and y = x? — x. Find the moments of R about
the x and the y axes. Also find the centroid of R.

Solution t

NI

= » X
o[NEEmn 12

R is a vertically simple region between the graphsof y = x2 —x andy = —x2 for 0 < x <

O T A T T

N |-

J = %fj/z [ f b = ] o
CEHE] - G

. } dx = Ij/z X [(—xz)— (xz—x)]dx

X2

= %j? (2x3 —xz)dx _1 (X—4 —X—Sj

22 3

M, =jijdA =[] xdy o= I?[(Xy)

— J‘? (—x3—x3+x2)dx: J‘j/z (—2x3+x2)dx= [_;4 +X—33]
1(_1+1J_i
8\ 4 3) 9
A-ffon - (4 oo T
_(zxs xzj% _—2(1] 1(1j 1
= |-2— +— =—|=| +2|=| ==
3 2| 3.8) 24 24

M -~ -
Hence, x == = % =

2

[

1 = _ My _ Ti9; _
LT3 YT T T T T

24 24

Therefore, the center of gravity of R is at the point (x,y) = (1 . )

4’ 8
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14. Evaluate the iterated triple integral Jjj: I;W Xyz dz dy dx
11 %2 4 2
dedx = Uo Xy {2—(7)/)}dydx
1 3
dx = fl x— 2~ X ldx
0 0 4 8

2|2

Solution : EEIJZW xyz dz dy dx = j:jol ((xy)%

X +y

3,,2

3 4
Loy -5 o= 12 -2

dxdzdy

15. Evaluate the iterated triple integral I I f
x> +12°

v } dzdy = jozjoy [tan -+ (ﬁ)—tan -+ (0)] dz dy

Solution :jozjoy.[oﬁz > : — dxdzdy = I:_foy [tanl Gj
0

SNETTEEINE

16. Evaluate m yy1—x* dV where D is the region shown in the following figure.
D

y T (2 27
dy = — dy = —
OJ y 3.[0)/ y 3

Solution

It is sometimes advantageous to interchange the roles of x, y and z.In this example, we interchange the role
of y and z. D is a solid region between the graphs of y = —v1 —x? —z2 and y =1 on R, where R is a
simple region between the graphs of z = —v1 —x? andz = V1 — x? for—1 < x < 1.

Therefore, m yy1-x? dV = I IHIWy‘/l_xz dy dz dx =% (check 1)

17. Evaluate m e’ dV where D is the solid region bounded by the planesy =1, z=0, y=x, y = —
D

andz =y

Solution :D is composed of two subregions D; and D, .
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D, is a solid region between the graphs of z = 0 and z = y on R; where R, is a plane region between the
graphs of y = —x and y =1 for —1 < x < 0, while D, is a solid region between the graphs of z =0

and z = y on R,, where R, is a plane region between the graphsof y = xandy =1for0 < x < 1.

Y
Y- x A v — x
y=1
» X
Thus, IJI;'[ e’ dv = J.E['[ e’ dv + _g'[ e’ dv = J’iijoy e’ dzdydx + I:Iijoy e’ dz dy dx

=(e-2)+(e-2) =2e-4

18. Find the volume V of the solid region bounded above by the circular paraboloid z = 4(x? + y?) and

below by the plane z = —2 and on the sides by the parabolic sheet y = x? and y = x.

Solution :D is a solid region between the graphs of z = —2 and z = 4(x? + y2?) on R, where R is a
vertically simple plane region between the graphs of y = x2and y = x for 0 < x < 1.

Thus, v = f[fav = [ [0 drayax = [l +y7)- (-2)) oy
- J‘olj-:z [4(X2+y2)+2]dydx = % (check?)

19. Express the triple integral as an iterated integral in cylindrical coordinates and evaluate it: .[ H xzdV
D

where D is the portion of the ball x2 + y?+z? < 4 that is the first octant.

Solution ‘

™

o
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In polar coordinates, R is the region between the polar graphsof r = 0andr =2 for0 < 0 < g Thus, in

cylindrical coordinates, D is the region between the graphs of z = 0 and z = V4 —r? for (r,6) in R.

Therefore, [[[ xz dv = J'O%J'Ozj'jﬁ(rcosﬁ z)rdzdrdé = IO%IOZI;/W(FCOSQ z) dzdr do
D

Va-r?
722 z° 1 %02 32
= IOZIO (rzcose)?o drdo = EJ'OZ_[O cos@(4r2—r4)drd9 - (check!)

20. Let D be the solid region in the first octant bounded by the sphere x2+ y? + z? = 16 and the planes
z=0, x =+3yand x = y. Evaluate m Jzav .
D

Solution
We first determine the rangesof p, @and 6. 0<p <4

Since D is a first octant region, 0 < @ <

N

VB o2 0 )< () -

xX=y :>%=1:>9=tan_1(%)=tan_1(1)=%

Hence ,

ENE)

<0<

NE]

Now ,since z = p cos @, we have
[[] Vz dv = _[;'fo%_[:,/pcow pising dp dgd o = I;jo%j:p%singzﬁ,/cos(é dp dgpd 6
el

Jsin¢1/cos¢} dgd @ = 2;36 j/_[/,/cos;/ﬁ sing d¢dé@ = @ (check!)

21. Find the volume of the solid region bounded above by the sphere x? + y2 + z? = 4 and below by the
upper nape of the cone z? = x2 + y? .

Solution: z%2= x24+y2 = z=r7

= pcos@ = psin®

> tan =1

T
= ==
(D 4

0<p<2,0<0<

4=|=1
IA
S
IA

N
3
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Volume V = [[[ av  Thus,V = joz”j;%jozpz sing dp dg do
D

[ K%} :5‘”4 dpao =3 [ [*sing dgdo =7 jj”{-cow

:ﬂz_s_ﬁ) Z”dg :%2_3_‘/5)7,

0

22. Find the center of gravity of the solid region bounded above by the sphere x? + y2 + z? = 9 and below

by the xy plane, §(x, y, z) is equal to the distance form (x, y, z) to the z-axis.
Z Y

Solution

R ATt )
+*++ R, i +,e.- Y

D is the solid region, in spherical coordinates givenby 0 <p <3, 0<0Q < g ,0<50<2n
§(x,y,2) = Jx2+y2=Vr2=r= psin®.
Mass : m =m S(x,y,z)dv = _m X2 +y? dv =J.02ﬂ.[0%.|.;(psin¢)pzsin¢ dpdgde
D D
(27 (A3 3o 8l ey L, 81 p2r 7 (1-c0S2¢
=[] [ psin* ¢ dpdgdo _ZIO jo sin2 ¢ dgdo _ZIO jo — | dg¢do

81 (27 7% 81 (2« sin2¢) | 72
_EJ'O J'O (1-cos2¢) dgdo -3 1; [(¢ > j

We evaluate the three moments:

ﬂ 25(x,y,z)dVv J'Zﬂ_[ j (pcosg) (psing) p?sing dpdgdo

- jj”jo%j: p*sin® ¢ cosg dpdpdo = 243 _|. j/ sin® ¢ cos¢ d@ = 2;'3 j:ﬁ[{smgj ¢J

%]
déo
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8l o 1627

~[[Tystey.2)av = [*[7[ (osing sin6) (psing)p? sing dpdgdo

= [T17E[ (ot sin® g sing)dp dg do = 222 [ [ sin® g sin dg do
%

0

Jsine do

_ 23 _[2”_[/ 1 CoS ¢)sm¢ sin@ d¢ do = 2;'3 ) H_COS ¢+COZS¢J

2z
=0

0

162 162
-1 0

ngdo = cosé)

M,, = m xS5(x,y,z)dV = J.OZHJ'O%J'S (psing pcosg) (psing)p?sing dpdpdd

- jzjfjj p*sin® ¢ cos @dp dg do = 0 (Check )

(0.0 5)

162
. = = =y _ (Myz Mxz Mxy\ _ 0 0 5
Center of gravity (x,y, z) = ( o m ) = <%n2 T B
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